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Abstract
Hilbert-type inequalities are divided three parts: Hilbert’s inequalities (1908),
Hardy-Hilbert-type inequalities (1934) and Yang-Hilbert-type inequalities (2009). In
this paper, we give a summary of the development of the theory of Hilbert-type
inequalities during the past 110 years.
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1 Hilbert’s inequalities and the operator expressions
1.1 Hilbert’s inequalities
In , Weyl [] published the following inequality.
If {am}∞m= and {bn}∞n= are real sequences, satisfying  <
∑∞



















where the constant factor π is the best possible.
We named () Hilbert’s inequality; it does not contain any parameter. The best possi-
ble property of the constant factor π was proved by Schur [] in . He also gave the
following integral analog of () at the same time.
If f (x) and g(y) are measurable functions, such that  <
∫ ∞
 f (x)dx < ∞ and  <∫ ∞
















where the constant factor π is still the best possible.
We called () Hilbert’s integral inequality, which still does not contain any parameter.
Inequalities () and () are important in analysis and its applications.We can ﬁnd a number
of improvements and extensions in the vast mathematics literature, especially in [–].
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1.2 Hilbert’s operators
Wemay express inequality () by using the form of the operator as follows.
If l is a space of real sequences, andT : l → l is a linear operator, for any a = {am}∞m= ∈
l, there exists a c = {cn}∞n= ∈ l, satisfying




m + n , n ∈N = {, , . . .}. ()
Hence for any b = {bn}∞n= ∈ l, we may write the inner product of Ta and b as follows:














m + n . ()
Expressing the normof a as ‖a‖ = {∑∞n= an}/, in viewof (), inequality ()may be rewrit-
ten as follows:
(Ta,b) < π‖a‖‖b‖, ()
where ‖a‖,‖b‖ > . We may prove that T is a bounded operator and obtain the norm
‖T‖ = π (cf. []). We call T Hilbert’s operator.












where the constant factor π is still the best possible. Obviously, inequalities () and ()
are equivalent (cf. []).
Similarly, if L(R+) is a space of real functions, we may deﬁne Hilbert’s integral operator
T˜ : L(R+)→ L(R+) as follows.
For any f ∈ L(R+), there exists a h = T˜ f ∈ L(R+), satisfying




x + y dx, y ∈ (,∞). ()
Hence, for any g ∈ L(R+), we may still can indicate the inner product of T˜ f and g as
follows:














x + y dxdy. ()




 , if ‖f ‖,‖g‖ > , then () may be rewritten
as follows:
(T˜ f , g) < π‖f ‖‖g‖. ()
It follows that ‖T˜ f ‖ = π (cf. []), and then we have the equivalent form of () as ‖T˜ f ‖ <
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where the constant factor π is still the best possible. It is obvious that inequality () is
the integral analog of ().
1.3 Amore accurate discrete Hilbert’s inequality
If we let the subscriptsm, n of the double series go from  to inﬁnity, then we may rewrite
















where the constant factor π is still the best possible. Obviously, wemay raise the following
question:
Is there a positive constant α (< ) that leaves the inequality still valid as we replace  by
α in the kernel m+n+ ? The answer is positive. That is, we have the followingmore accurate
















where the constant factor π is the best possible.












m + n +  ,
















For  ≤ α < , inequality () is a reﬁnement of (). Obviously, we have a reﬁnement of











am (≤ α < ). ()
For  < α < , in , Ingham [] gave the following.
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Note that if we set x = X + α , y = Y +
α
 , F(X) = f (X +
α
 ) and G(Y ) = g(Y +
α
 ) (α ∈ R =
















It is said that for α ≥  , inequality () is an integral analog of () (for G = F) and for
 < α <  , () is not an integral analog of (), since the two constant factors are diﬀerent.
In recent years, by using the improved Euler-Maclaurin summation formula and intro-
ducing parameters, a few authors gave some more accurate Hilbert-type inequalities as
() (cf. [–]).
2 Hardy-Hilbert-type inequalities with a pair of conjugate exponents
2.1 Hardy-Hilbert’s inequalities and the operator expressions
In , by introducing one pair of conjugate exponents (p,q) with p +

q = , Hardy []
gave an extension of () as follows.
























where the constant factor π
sin(π/p) is the best possible.















where the constant factor [ π
sin(π/p) ]p is still the best possible.
In the same way, inequalities () and () (for α = ) may be extended to the following


































where the constant factors π
sin(π/p) and [
π
sin(π/p) ]p are the best possible. The equivalent in-


































with the best possible constant factors. We call () Hardy-Hilbert’s inequality and call
() Hardy-Hilbert’s integral inequality.
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Inequality () may be expressed in the form of the operator as follows.
If lp is a space of real sequences, Tp : lp → lp is a linear operator, such that for any non-
negative sequence a = {am}m= ∈ lp, there exists a Tpa = c = {cn}∞n= ∈ lp, satisfying




m + n +  , n ∈N =N∪ {}. ()
For any non-negative sequence b = {bn}n= ∈ lq, we can indicate the formal inner product















m + n +  . ()
Setting the norm of a as ‖a‖p = (∑∞n= |an|p)







where ‖a‖p,‖b‖q > . We call Tp Hardy-Hilbert’s operator.
Similarly, if Lp(R+) is a space of real functions, we may deﬁne the following Hardy-
Hilbert’s integral operator T˜p : Lp(R+)→ Lp(R+) as follows.
For any f (≥ ) ∈ Lp(R+), there exists a h = T˜pf ∈ Lp(R+), satisfying




x + y dx, y ∈ R+. ()
For any g (≥ ) ∈ Lq(R+), we can indicate the formal inner product of T˜pf and g as fol-
lows:






x + y dxdy. ()
Setting the norm of f as ‖f ‖p = (
∫ ∞
 |f (x)|p dx)

p , then inequality () may be rewritten as
follows:




2.2 Some kinds of Hardy-Hilbert-type inequalities
() For (p,q) not being a pair of conjugate exponents, we have the following results (cf. [],
Theorem ).
If p > , q > , p +



















where K = K(p,q) relates to p, q, only for p +





q ) = , the constant factor
K is the best possible.
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We also ﬁnd an extension of () as follows (cf. []).
If p > , q > , p +























For f (x) = g(x) = , x ∈ (–∞, ], inequality () reduces to (). Levin [] also studied the
expression forms of the constant factors in () and (). But he did not prove their best
possible property. In , Bonsall [] considered the case of () as regards the general
kernel.
() If p > , p +

q = , h(t) > , φ(s) =
∫ ∞
 h(t)ts– dt ∈ R+, f (x), g(y)≥ , then we have the

























































where the integrals on the right-hand side are positive. The authors did not proved that
the above constant factors are the best possible.
() If p > , p +

q = , h(t) >  is decreasing with respect to t > , φ(s) =
∫ ∞
 h(t)ts– dt ∈



















































where the integrals and series on the right-hand side are positive. The authors also did not
prove that the above constant factors are the best possible.
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2.3 Hardy-Hilbert-type inequalities with the general homogeneous kernel of
degree –1
If α ∈ R, the function k(x, y) is measurable in R+, satisfying for any x, y,u > , k(ux,uy) =
uαk(x, y), then we call k(x, y) the homogeneous function of degree α.
In , Hardy et al. published the following theorem (cf. [], Theorem  and Theo-
rem ).
Suppose that p > , p +





– p du is ﬁnite, then we have kp =
∫ ∞
 k(,u)u





























where the constant kp is the best possible.
































For  < p < , if kp is ﬁnite, then we have the reverses of () and (). (Note that we have
not seen any proof of () and (), and the reverse examples in the book [].)
We name k(x, y) the kernel of () and (). If all the integrals and series in the right-
hand side of inequalities ()-() are positive, then we can get the following particular
examples (cf. []):
(i) For k(x, y) = x+y , ()-() deduce to (), (), (), and ().
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ln( xy )f (x)g(y)




















ln( xy )f (x)












































Note that the constant factors in the above inequalities are all the best possible. We call
() and () Hardy-Littlewood-Polya’s inequalities, or H-L-P inequalities. We ﬁnd that
the kernels in the above inequalities are all decreasing. But this is not necessary. For ex-







































































where the constant factors p + q and (p + q)p are the best possible.






| ln( xy )|f (x)g(y)

















| ln( xy )|f (x)







































(n – p )
– 
(n – q )
]
.
2.4 Twomultiple Hardy-Hilbert-type inequalities with the homogeneous kernels
of degree –n + 1
Suppose n ∈ N\{}, n numbers p,q, . . . , r satisfying p,q, . . . , r > , p– + q– + · · · + r– = ,









k(, y, . . . , z)y–

q · · · z– r dy · · · dz
is a ﬁnite number, f , g, . . . ,h are non-negative measurable functions in R+, then we have



























Moreover, if am,bn, . . . , cs ≥ , k(, y, . . . , z)xy–

q · · · z– r , k(x, , . . . , z)× x– p y · · · z– r , . . . ,
































For n = , inequalities () and () reduce, respectively, to () and ().
3 Modern research for Hilbert’s inequalities and Hardy-Hilbert’s inequalities
3.1 Modern research for Hilbert’s integral inequality
() In , based on an improvement of Hölder’s inequality, Hu [] gave a reﬁnement of




















Since then, he published many interesting results similar to () (cf. []).
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() In , Pachpatte [] gave an inequality similar to () as follows.













(a – x)f ′(x)dx
∫ b





Some improvements and extensions were made by Zhao et al. [–]. We can ﬁnd other
work of Pachpatte in [].
() In , by introducing parameters λ ∈ (, ] and a,b ∈ R+ (a < b), Yang [] gave an




























where B(u, v) is the beta function. In , Kuang [] gave another extension of () as
follows.






xλ + yλ dxdy <
π










We can ﬁnd other work of Kuang in [] and [].
() In , by using themethods of algebra and analysis, Gao [] gave an improvement


























(g, e), v =
√




x+y dx. We can ﬁnd other
work of Gao and Hsu in [].





















3.2 On the way of weight coefﬁcients for giving a strengthened version of
Hilbert’s inequality
In , for giving an improvement of (), Hsu and Wang [] raised the way of weight
coeﬃcient as follows.
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, n ∈N, ()












ω(n) = π – θ (n)n/ , n ∈N, ()













n/ > θ = .+. ()
Then by (), it yields
ω(n) < π – θn/ , n ∈N, θ = .
+. ()

















Hsu also raised the open problem of obtaining the best value of (). In , Gao []
gave the best value θ = .+.
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In , by using the method of weight coeﬃcients and the improved Euler-Maclaurin























where – γ = .+ (γ is the Euler constant). We can ﬁnd similar work in Gao and
Yang [].
In , Yang and Debnath [] gave another, strengthened, version of (), which is an
improvement of ().We can ﬁnd some strengthened versions of () and () in [–].
3.3 Hilbert’s inequalities and Hardy-Hilbert’s inequalities with independent
parameters
In , by using the optimized weight coeﬃcients and introducing an independent pa-
rameter λ ∈ (, ], Yang [] gave an extension of () as follows.
If  <
∫ ∞
 x–λf (x)dx <∞ and  <
∫ ∞






















where the constant factor B( λ ,
λ
 ) is the best possible. The proof about the best possible
property of the constant factor was given by [], and the expressions of the beta function





( + t)u+v =
∫ 





(t – )u– dt
tu+v (u, v > ). ()
Some extensions of (), (), and () were given by [–] as follows.






(x + y)λ dxdy
< B
(p + λ – 
p ,





















(p + λ – 
p ,



















(m + n + )λ
< B
(p + λ – 
p ,



















where the constant factor B( p+λ–p ,
q+λ–
q ) is the best possible.
Yang [] also proved that () is valid for p =  and λ ∈ (, ]. Yang [, ] gave another
extensions of () and () as follows.




































































Inequality () is similar to () but diﬀerent and for p = , both of them reduce to ().


























We can ﬁnd some best extensions of the H-L-P inequalities such as ()-() in [–],
by introducing some independent parameters.
In , by introducing some parameters, Hong [] gave a multiple integral inequality,
which is an extension of (). He et al. [] gave a similar result for particular conjugate
exponents. For making an improvement of their work, Yang [] gave the following in-
equality, which is a best extension of ().
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dx · · · dxn











In , Yang and Rassias [] introduced the method of weight coeﬃcients and con-
sidered its applications to Hilbert-type inequalities. They summarized how to use the
method of weight coeﬃcients to obtain some new improvements and generalizations of
the Hilbert-type inequalities. Since then, a number of authors discussed this problem (cf.
[–]). But how to give a best extension of inequalities () and () was solved in 
by introducing two pairs of conjugate exponents.
3.4 Hilbert-type inequalities with two conjugate exponents and
multi-parameters
In , by introducing an independent parameter λ >  and two pairs of conjugate expo-






s = , Yang [] gave an extension of () as follows.




















where the constant factor π
λ sin( πr )
is the best possible.
For λ = , r = q, s = p, inequality () reduces to (); for λ = , r = p, s = q, inequality




















In , by introducing an independent parameter λ > , and two pairs of generalized








ri = , Yang et al.
[] gave a multiple integral inequality as follows.



























where the constant factor 
	(λ)
∏n
i=( λri ) is the best possible. For ri =
piλ
pi–λ–n (i = , , . . . ,n),
inequality () reduces to (); for n = , p = p, p = q, r = r, and r = s, inequality ()
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It is obvious that inequality () is another best extension of ().
In , by using two pairs of conjugate exponents (p,q) and (r, s) with p, r > , Hong
[] gave a multi-variable integral inequality as follows.























































s ) is the best possible. In particular, for n = , ()
reduces to Hong’s work in []; for n = β = , () reduces to (). In , Zhong and
Yang [] generalized () to a general homogeneous kernel and proposed the reversion.
Some other results on the multi-dimensional Hilbert-type inequalities are provided by
[–].

















































For λ = , r = q, () reduces to (), and for λ = , r = p, () reduces to (). Some other
results are provided by [–].






















where  < p < , p +

q = . The other results on the reverse of the Hilbert-type inequalities
are found in [–].
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Zhong and Yang [] also gave the reverse form of ().






































































where k = (√a+√b)(√b+√c)(√a+√c) (a,b, c > ).
The constant factors in the above new inequalities are all the best possible. We can ﬁnd
some other new work in [–].
In , Yang [] gave a half-discrete inequality with the kernel (+nx)λ by introducing
a variable and proved that the constant factor is the best possible. In , Yang []
deduced a half-discrete Hardy-Hilbert inequality with the best possible constant factor




















where λ > ,  < λ ≤ , λ + λ = λ.
Zhong et al. [, ] investigated several half-discrete Hilbert-type inequalities.
A half-discrete Hilbert-type inequality with a general homogeneous kernel kλ(x,n) of de-
gree –λ ∈ R and a best constant factor k(λ) was obtained, which is an extension of ()
(cf. []). Also a half-discrete Hilbert-type inequality with a general non-homogeneous
kernel kλ(,xn) and a best constant factor was given by Yang [].
3.5 Modern research for Hilbert-type operators
Suppose thatH is a separable Hilbert space andT :H →H is a bounded self-adjoint semi-




(‖a‖‖b‖ + (a,b)) (a,b ∈H), ()
where (a,b) is the inner product of a and b, and ‖a‖ = √(a,a) is the norm of a. Since the
Hilbert integral operator T˜ deﬁned by () satisﬁes the condition of () with ‖T˜‖ = π ,
inequality ()may be improved as (). Since the operatorTp deﬁned by () (for p = q = )




















The key of applying () is to obtain the norm of the operator and to show the property
of semi-deﬁnite. Now, we consider the concept and the properties of Hilbert-type integral
operator as follows.
Suppose that p > , p +

q = , Lr(R+) (r = p,q) are real normal linear spaces and k(x, y) is








dt = k(p) ∈ R (x > ).
We deﬁne an integral operator as
T : Lr(R+)→ Lr(R+) (r = p,q),
for any f (≥ ) ∈ Lp(R+), there exists a h = Tf ∈ Lp(R+), such that
(Tf )(y) = h(y) =
∫ ∞

k(x, y)f (x)dx (y > ); ()
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or for any g (≥ ) ∈ Lq(R+), there exists a h˜ = Tg ∈ Lq(R+), such that
(Tg)(x) = h˜(x) =
∫ ∞

k(x, y)g(y)dy (x > ). ()
In , Yang [] proved that the operator T deﬁned by () or () are bounded
with ‖T‖ ≤ k(p). The following are some results in this paper.






r dt (r = p,q; x > ) is conver-
gent to a constant kε(p) independent of x satisfying kε(p) = k(p) + o() (ε → +), then
‖T‖ = k(p). If ‖T‖ > , f ∈ Lp(R+), g ∈ Lq(R+), ‖f ‖p,‖g‖q > , then we have the following
equivalent inequalities:
(Tf , g) < ‖T‖ · ‖f ‖p‖g‖q, ()
‖Tf ‖p < ‖T‖ · ‖f ‖p. ()
Some particular cases are considered in this paper.
Yang [] also considered some properties of Hilbert-type integral operator (for p =
q = ). For the homogeneous kernel of degree –, Yang [] considered some suﬃcient
conditions to obtain ‖T‖ = k(p).We can ﬁnd some properties of the discrete Hilbert-type
operator in the disperse space in Yang [–]. Amultiple integral operator is scored by
Bényi and Oh []. In , Yang [] summarized the above part results. Some other
works aboutHilbert-type operators and inequalities with the general homogeneous kernel
and multi-parameters were provided by [–].
During -, Yang published six books about the theory of Hilbert-type operators
with their norms and inequalities. On January of , Yang’s ﬁrst book about the inte-
gral and discrete Hilbert-type operators with the general homogeneous kernels of non-
negative number degree and two pairs of conjugate exponents as well as the related in-
equalities was published by Chinese Science Press (cf. []). On October of , Yang’s
second book about Hilbert-type integral operators with the general homogeneous kernels
of real number degree and two pairs of conjugate exponents as well as their inequalities
was published by Bentham Science Publishers Ltd. (cf. []). On February of , Yang’s
third book about discrete Hilbert-type operators as well as the related inequalities with
the same kernels and parameters in integrals was published by Bentham Science Pub-
lishers Ltd. (cf. []). In -, Yang published two books that considered multiple
half-discrete Hilbert-type operators and their inequalities (cf. [, ]). In , Yang
and Debnath published a book considering general half-discrete operators and their in-
equalities. These six books provide an extensive account of these types of operators and
inequalities successfully.
4 Yang-Hilbert-type inequalities with two pairs of conjugate exponents and
independent parameters
4.1 Yang-Hilbert-type integral inequalities
In , Yang [] (Theorem ..) gave an extension of () as follows.




ri = , λ ∈ R, kλ(x, . . . ,xn) (≥ )
is a homogeneous function of degree –λ in Rn+,












j du · · · dun– ∈ R+,
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fi(t) ≥  and  <
∫ ∞
 t







kλ(x, . . . ,xn)
n∏
i=
fi(xi)dx · · · dxn









where the constant factor kλ(r, . . . , rn–) is the best possible.
In this reference, the equivalent form of (), the reverses, the operator expressions,
and some particular examples are provided.
In Theorem . of this book, Yang also gave the following multi-dimensional integral
inequalities, an extension of ().
If λ ∈ R, p > , r, s = , p + q = r + s = , kλ(x, y) (≥ ) is a homogeneous function of






r – du ∈ R+,





































where the constant factor 	
n( α )
αn–	( nα )
kλ(r) is the best possible.
Also, the equivalent form of (), the reverses, the Hardy-type inequalities, the opera-
tor expressions, and many particular examples are provided. Some other results of multi-
dimensional Hilbert-type integral inequalities are discussed by [, ].



















where the constant factor kλ(r) is the best possible. The equivalent formof () is obtained













xp(– λr )–f p(x)dx, ()
where the constant factor kpλ(r) is the best possible.
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For λ = , r = q, s = p, () and () reduce, respectively, to () and (). Hence, Yang-
Hilbert-type integral inequalities are extensions of Hardy-Hilbert-type integral inequali-
ties.
If we replace y and g( y ) to

y and y–λg(y) in () and (), then we obtain the following































xp(– λr )–f p(x)dx. ()
Replacing x and f ( x ) to

x and x–λf (x) in () and (), we also obtain the following































xp(– λs )–f p(x)dx. ()




















The above inequalities are some reﬁnements of ()-().
4.2 Discrete Yang-Hilbert-type inequalities
In , Yang [] (Theorem ..) gave an extension of () and () as follows.
If p > , p +

q = , λ,λ ∈ R, λ + λ = λ, kλ(x, y) (≥ ) is a ﬁnite homogeneous function




kλ(u, )uλ– du ∈ R+,
kλ(x, y) x–λ (kλ(x, y)

y–λ ) is decreasing with respect to x(y) > , am,bn ≥ ,  <∑∞
m=mp(–λ)–a
p
m < ∞,  < ∑∞n= nq(–λ)–bqn < ∞, then we have the following equivalent

































where the constant factors k(λ) and (k(λ))p are the best possible.
In this reference, some extensions of () and (), the reverses, the operator expres-
sions, and some particular examples are provided.
The following multiple inequalities are considered (cf. [], Corollary ..).
If n ∈N\{}, pi > , λi ∈ R (i = , , . . . ,n),∑ni= pi = ,
∑n
i= λi = λ, qn = –

pn , kλ(x, . . . ,xn)
(≥ ) is a ﬁnite homogeneous function of degree –λ in Rn+, kλ(x, . . . ,xn) x–λii is decreasing
with respect to xi >  (i = , . . . ,n),






kλ(u, . . . ,un–, )
n–∏
j=
uλj–j du · · · dun– ∈ R+,

























































where the constant factors k(λ, . . . ,λn–) and (k(λ, . . . ,λn–))qn are the best possible.
In this book, the reverses of () and () are also considered. For n = , () and
() reduce, respectively, to () and (); for λ = , λi = – pi (i = , . . . ,n), () reduces
to ().
In , Yang [] (Corollary .) gave the following results.
Suppose that i, j ∈ N, α,β > , λ < i, λ < j, λ + λ = λ, kλ(x, y) (> ) is a ﬁnite ho-
mogeneous function of degree –λ in R+, which is decreasing with respect to x(y) > ,
there exists a constant  < δ < j – λ, such that for any λ˜ ∈ (λ – δ,λ + δ), k(λ˜) =
∫ ∞
 kλ(u, )uλ˜– du ∈ R+, and there exists a constant δ < λ – δ, satisfying kλ(u, ) ≤ Luδ
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(u ∈ (,∞)). If p > , p + q = , a(m),b(n) ≥ ,  <
∑
m∈Ni ‖m‖p(i–λ)–iα ap(m) < ∞,
 <
∑























































where the constant factors K(λ) and Kp(λ) are the best possible.
For i = j = α = β = , () and () also reduce, respectively, to () and (). In
this chapter, the reverses and the operator expressions of () and () are provided.
A composition formula of the operators is developed.
4.3 Half-discrete Yang-Hilbert-type inequalities
In , Yang and Debnath [] (Theorem .) gave the following results.
Suppose that m ∈ N, pi > , λi ∈ R (i = , , . . . ,m + ), ∑m+i= pi = ,
∑m+
i= λi = λ, p =  –

pm+ , kλ(x, . . . ,xn) (≥ ) is a ﬁnite homogeneous function of degree –λ in Rn+, there exists
a constant δ > , such that for any λ˜i ∈ (λi – δ,λi + δ),∑m+i= λ˜i = λ, kλ(x, . . . ,xm, y) y–λ˜m+







kλ(u, . . . ,um, )
m∏
j=
uλ˜j–j du · · · dum ∈ R+.




tpi(–λi)–f pii (t)dt <∞ (i = , . . . ,m),








kλ(x, . . . ,xm,n)an
m∏
i=























kλ(x, . . . ,xm,n)
m∏
i=


















kλ(u, . . . ,um, )
m∏
j=
uλj–j du · · · dum
and kp(λm+) are the best possible.
In this book, the reverses, the operator expressions, and some particular examples are
provided. Some other kinds of multiple half-discrete Hilbert-type inequalities are dis-
cussed in [, ]. The composition formula of operators are given by [].
In Corollary . of this book, Yang also gave the following multi-dimensional half-
discrete inequalities.
Suppose that m, s ∈ N, α,β > , λ,λ ∈ R, λ + λ = λ, kλ(x, y) (≥ ) is a ﬁnite homo-
geneous function of degree –λ in R+, kλ(x, y) ys–λ is decreasing with respect to y > , and
strictly decreasing in an interval I ⊂ (,∞), k(λ) =
∫ ∞




















If p > , p +





α f p(x)dx < ∞, and  <
∑






















































where the constant factors K(λ), (K(λ))p, and (K(λ))q are the best possible.
For m = s = α = β = , (), (), and () reduce to the following equivalent half-















































Also, form = , () and () reduce, respectively, to () and ().
Replacing x to x , xλ–f (

x ) to f (x) in (), (), and (), we have the following equiva-














































The above half-discrete inequalities are some reﬁnements of ()-().
4.4 Some simple Hilbert-type inequalities
If the Hilbert-type inequality relates to a simple symmetric homogeneous kernel of degree
– and the best constant factor is amore brief form, which does not relate to any conjugate
exponents (such as ()), then we call it simple Hilbert-type integral inequality. Its series
analog (if it exists) is called a simple Hilbert-type inequality. If the simple homogeneous
kernel is of –λ degree (λ > ) with a parameter λ and the inequality cannot be obtained
by a simple transform to a simple Hilbert-type integral inequality, then we call it a simple
Hilbert-type integral inequality with a parameter.




































ln( xy )f (x)g(y)











simple Hilbert-type integral inequalities.





| ln( xy )|f (x)g(y)
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| ln( xy )|f (x)g(y)




































In , Yang [, ] gave a simple Hilbert-type integral inequality with a parameter






|x – y|λ dxdy
< B
(
































is called a simple Hilbert-type integral inequality with the parameter λ ∈ (,∞).
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+. Inequalities () and () are new simple Hilbert-
type inequalities.We still have a simple Hilbert-type inequality with a parameter λ ∈ (, ]
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